In this paper we propose a natural way to extend a bivariate Powell-Sabin (PS) B-spline basis on a planar polygonal domain to a PS B-spline basis defined on a subset of the unit sphere in R 3 . The spherical basis inherits many properties of the bivariate basis such as local support, the partition of unity property, and stability. This allows us to construct a C 1 continuous hierarchical basis on the sphere that is suitable for preconditioning fourth-order elliptic problems on the sphere. We derive that the stiffness matrix relative to this hierarchical basis has a logarithmically growing condition number, which is a suboptimal result compared to standard multigrid methods. Nevertheless this is a huge improvement over solving the discretized system without preconditioning, and its extreme simplicity accounts for its attractiveness. Furthermore we briefly describe a way to stabilize the hierarchical basis with the aid of the lifting scheme. This yields a wavelet basis on the sphere for which we find a uniformly well-conditioned and (quasi-) sparse stiffness matrix.
Introduction
The Earth's surface is roughly spherical. Therefore, the biharmonic equation on a sphere arises from several applications in physical geodesy, oceanography and meteorology. For instance, the stream function of incompressible Stokes flow, a widely used model equation in meteorology, is the solution of a biharmonic equation. The geometry of the sphere is a major obstacle in constructing a suitable approximation space for solving the biharmonic equation or any other partial differential equation. Often a transformation into spherical coordinates is used which gives rise to singularities at the "poles" of the sphere. Our approach to deal with the spherical geometry will be to work with homogeneous polynomials in the three-dimensional Cartesian space. In this way, operations such as integration and differentiation can be carried out directly within the usual context of Cartesian coordinates.
Let Ω be a subset of the unit sphere S in R 3 . We are interested in solving the boundary value problem 
We also define the Sobolev space H 2 (Ω ) [LM72, p. 37] that we shall use throughout the paper. This is the smoothness space of functions u that posses weak tangential derivatives up to order 2 which are in L 2 (Ω ), i.e.
With H 2 (Ω ) we can associate the norm
and with H 2 0 (Ω ) we mean the closure of C ∞ 0 (Ω ), the space of C ∞ continuous functions with compact support in Ω , in H 2 (Ω ). We now formulate the basic existence of a solution for (1.1) (see for example [Aub82, Dzi88] ). Suppose that ∂ Ω = / 0. For every f ∈ L 2 (Ω ) there exists a unique weak solution u ∈ H 2 0 (Ω ) of the problem (1.1), i.e. for every v ∈ H 2 0 (Ω )
(1.4)
Suppose that ∂ Ω = / 0. For every f ∈ L 2 (Ω ) with S f dω = 0 there exists a weak solution u ∈ H 2 (Ω ) of the problem ∆ 2 S u = f , i.e. Equation (1.4) holds for all v ∈ H 2 (Ω ), and u is unique up to a constant. It is well-known that the conjugate gradient method is a very efficient solver for large linear systems arising from the Ritz-Galerkin method for problems such as (1.4). However, because of stability reasons, it is necessary that these systems have been suitably preconditioned. One way of preconditioning such stiffness matrices is based on hierarchical bases associated with nested sequences of C 1 finiteelement spaces (see [DOS94, DS03, MB, Osw92] ). However, all these hierarchical bases have a planar parameter domain. In consequence, when solving the biharmonic equation (1.1) on the complete surface of the unit sphere S, difficulties will arise at the "poles" of the sphere when using these preconditioners. Therefore it is the objective of this paper to construct a C 1 hierarchical basis with a spherical parameter domain which is suitable for the numerical treatment of the biharmonic equation on the sphere. So suppose V ⊂ H 2 0 (Ω ) is a space of conforming finite elements defined on a spherical triangulation with mesh size h. The stiffness matrix
for a typical nodal basis {B i } i of V would give rise to condition numbers κ(A) = O(h −4 ). Therefore it is important that we precondition the linear system Ax = b resulting from the Ritz-Galerkin method. This means that we transform the system Ax = b into the equivalent system C 1/2 AC 1/2 y = C 1/2 b, C 1/2 y = x, where C is a positive definite matrix such that κ(C 1/2 AC 1/2 ) is much smaller than κ(A). Such preconditioning can be realized by a change of basis. Let {B i } i and {B i } i be two bases of V . Let g be an arbitrary function in V ,
and define M as the unique matrix that takes the coefficients c i into the coefficients d i . Then the stiffness matrix A relative to {B i } i is given by A = M T AM, and we solve the equivalent system M T AMy = M T b, My = x. 
We always mean by a ∼ b that a b and b a hold, where a b expresses that a can be bounded by a constant multiple of b uniformly in any parameters on which a, b may depend, and a b means b a. Suppose that the basis {B i } i satisfies
then by (1.5) and g, g E = d T A d we find the well-known fact (see e.g. [DOS94] ) that κ(A ) = O (c 2 /c 1 ). We say that the basis is weakly stable if the constants c 1 , c 2 have at most logarithmic growth in the mesh size h. If the constants c 1 , c 2 are independent of h, the basis is said to be strongly stable.
This paper is organized as follows. In Section 2 we introduce homogeneous and spherical spline spaces which will allow us to create bases on the sphere. More specifically we consider C 1 continuous piecewise quadratic spherical spline spaces of Powell-Sabin type in Section 3. In order to apply the theory above we need suitable basis functions for these spaces that are stable in some sense. In Section 4, we present an algorithm to extend bivariate PS B-splines to spherical PS B-splines. Furthermore we prove that properties of the bivariate basis such as partition of unity and stability are inherited by the spherical B-splines. Then, in Section 5, we construct a weakly stable hierarchical basis on the sphere in the sense of (1.6). We conclude with some remarks. Remark 6.2 briefly describes the construction of a strongly stable wavelet basis which can be used instead of the hierachical basis.
Homogeneous and spherical spline spaces
We begin by introducing homogeneous and spherical spline spaces following [ANS96a, ANS96b] and [ANS96c] . A function f defined on R 3 is homogeneous of degree d provided that f (αv) = α d f (v) for all real α and all v ∈ R 3 . We are interested in the space H d of trivariate polynomials of degree d that are homogeneous of degree d. The space H d is a d+2 2 dimensional subspace of the space of trivariate polynomials of degree d. Let {v 1 , v 2 , v 3 } be a set of linearly independent unit vectors in R 3 . We call
the trihedron generated by {v 1 , v 2 , v 3 }. Each v ∈ R 3 can be written in the form 
Also continuity conditions can be expressed analogous to the classical bivariate case. Let T and T be trihedra with vertices {v 1 , v 2 , v 3 } and {v 4 , v 2 , v 3 }. A necessary and sufficient condition for p and p to be C r continuous across the common boundary is
The directional derivative of a homogeneous Bernstein-Bézier polynomial with respect to direction g is given by
We write H d (Ω ) for the restriction of H d to any subset Ω of the unit sphere S, and refer to H d (Ω ) as the space of spherical polynomials of degree d. Similarly, we write H d (H) for the restriction of H d to any hyperplane H in R 3 . This is just the well-known space of bivariate polynomials. All these spaces have the same dimension d+2 2 . Let ∆ be a conforming spherical triangulation of Ω ⊂ S. Then we define the space of spherical splines of degree d and smoothness r associated with ∆ to be
where s| τ denotes the restriction of s to the spherical triangle τ. Keeping up continuity conditions (2.5) between neighbouring spherical triangles results in nontrivial relations between their Bézier ordinates. Therefore we will focus on the Powell-Sabin 6-split of a triangulation to overcome this problem.
Spherical Powell-Sabin splines
The Powell-Sabin (PS) 6-split ∆ PS of a spherical triangulation ∆ divides each triangle τ j ∈ ∆ into six smaller triangles with a common vertex as follows (see Figure 1 ).
1. Define the interior point Z j for each triangle τ j as the incenter of the triangle τ j . If P 1 , P 2 , P 3 are the vertices of τ j then we define its incenter as the point on S that is obtained by radially projecting the incenter of the planar triangle with vertices P i , i = 1, 2, 3, onto S. Suppose that two triangles τ i and τ j have a common edge, then the arc that joins Z i and Z j intersects this common edge at a point R i j between its vertices. The arc between two points on S is defined as the curve segment connecting these two points obtained as the intersection of S with a plane passing through the two points and the origin.
2. Join the points Z j to the vertices of τ j .
3. For each edge of τ j
• that belongs to the boundary ∂ Ω , join Z j to the middle point of the edge.
• that is common to a triangle τ i , join Z j to R i j .
We restrict our attention to one of the original triangles in ∆ with vertices P 1 , P 2 , P 3 and incenter Z, and the intersection points on the edges are R 12 , R 23 , R 31 . Let g i and h i be independent unit vectors lying in the tangent plane of S at P i , i = 1, 2, 3 (see Figure 2 ). The following interpolation problem can be considered for spherical splines. Given any set of values
for all i = 1, . . . , N. Below we calculate the unique Bézier ordinates of a spherical PS spline satisfying (3.1). This shows that the classical result of Powell and Sabin [PS77] can be extended to spherical domains, i.e. the dimension of the spherical spline space S 1 2 (∆ PS ) equals 3N. Let the different points in τ(P 1 , P 2 , P 3 ) ∈ ∆ have the trihedral coordinates and let Z with trihedral coordinates (a, b, c) be the incenter of the triangle. From (2.6) the following formula is derived:
If we apply this formula to triangle ρ 1 = τ(P 1 , R 12 , Z) we deduce that
and
where b
3 are the trihedral coordinates with respect to ρ 1 = τ(P 1 , R 12 , Z). Similarly for triangle ρ 2 = τ(P 1 , R 31 , Z) we find
From the C 1 continuity (2.5) across the edge [P 1 Z] we deduce that
From (3.2) we find after some straightforward computations that
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where b 1 , b 2 , b 3 are the trihedral coordinates with respect to τ(P 1 , P 2 , P 3 ), and similarly
Equations (3.3)-(3.9) together with s 1 = α 1 give the following unique solution for the Bézier ordinates s 1 , u 1 , v 1 , w 1 :
, (3.11)
, (3.12)
In a similar way we can compute the Bézier ordinates s 2 , u 2 , v 2 , w 2 and s 3 , u 3 , v 3 , w 3 . The remaining Bézier ordinates are obtained from the C 1 -continuity conditions (2.5), i.e.
14)
A stable B-spline basis for spherical PS splines
If for each vertex P i in ∆ we choose numbers (α
, that form a set of 3 linear independent triplets, then every s(v) ∈ S 1 2 (∆ PS ) has a unique representation
where the splines B i j (v) are defined as the solution of the interpolation problem (3.1) with
2) where δ ik represents the Kronecker delta. Such a spline B i j (v) will further be called a spherical PS B-spline. It can easily be shown that the spherical PS B-spline B i j (v) vanishes outside its so-called molecule M i that is defined as the union of all triangles τ k ∈ ∆ that contain vertex P i . So our definition of spherical PS B-spline implies the local support property. Let us focus again on triangle τ(P 1 , P 2 , P 3 ). Assume that P 1 has coordinates (0, 0, 1) in R 3 and that g 1 and h 1 have coordinates (1, 0, 0) resp. (0, 1, 0) in R 3 . Let P 2 and P 3 have coordinates (x 2 , y 2 , z 2 ) resp. (x 3 , y 3 , z 3 ) in R 3 . By using Equations (3.10)-(3.14) we find the Bézier ordinates of the B-spline B 1 j (v) as shown in Figure 3 where
FIG. 3. The Bézier ordinates of a spherical B-spline
We would like these spherical B-splines to have good properties such as the partition of unity property, i.e.
and such as stability with respect to the max norm, i.e.
for all choices of the coefficient vector c. We prove that these useful properties can be obtained by a good choice of the triplets (α
For the remainder of the paper we assume that the directions g i and h i are chosen such that the set (P i , g i , h i ) forms an orthonormal basis for R 3 . This assumption is without loss of generality. We shall make use of known results for bivariate splines, along with a natural radial projection operator that we define here.
Given a subset Ω of S, we define its diameter to be
By |∆ | and |M i | we denote the mesh size of ∆ resp. M i , i.e. the diameter of the largest triangle in ∆ resp. M i . Now suppose that the molecule M i satisfies |M i | 1. Then we define T M i to be the tangent plane touching S at vertex P i . We define the radial projection from T M i into S by
where |v| denotes the Euclidean norm of v. Because R M i is one-to-one, the inverse R
Let us consider the planar molecule M i . Without loss of generality we may assume that the tangent plane T M i touching S at P i is equal to the z = 1 plane, and that the directions g i and h i coincide with the x resp. y direction. We define bivariate PS B-spline functions B i j (x, y), j = 1, 2, 3, on the domain M i as solutions to the interpolation problem
In this way we can identify three bivariate B-spline functions B i j (x, y), j = 1, 2, 3, with each vertex Proof. We will focus on the triangle τ(P 1 , P 2 , P 3 ). We assume, without loss of generality, that P 1 has coordinates (0, 0, 1), that T M 1 is the z = 1 plane, and that the directions g 1 and h 1 are given by the vectors (1, 0, 0) resp. (0, 1, 0). The PS 6-split divides triangle τ into six smaller triangles ρ l , l = 1, . . . , 6. Equations (2.3) and (2.4) yield
with (b 1 , b 2 , b 3 ) the trihedral coordinates of v with respect to ρ l , and with v ∈ ρ l . Define T ρ l as the trihedron (2.1) that satisfies T ρ l S = ρ l . Let w be an arbitrary point in trihedron T ρ l , then it is easily verified that
where (B 11 ) 2 is the homogeneous extension of degree 2 of B 11 . Using straightforward calculations it is easy to prove that the values of (B 11 ) 2 and its partial derivatives at the vertices P 1 , P 2 and P 3 coincide with the corresponding values of B 1 1 and its partial derivatives. It are exactly these 9 pieces of data that determine a C 1 piecewise quadratic spline on the PS 6-split of the planar triangle R −1 M 1 τ, so this proves
As a consequence of Theorem 4.1 we immediately prove the following useful corollary. Because of (4.2) only the B-splines B k j , j = 1, 2, 3, are non-zero at vertex
k and, by construction and the partition of unity property of B k j , this equals α [ANS96a] we know that there exists a unique spherical spline p of degree 2 on each subtriangle ρ ∈ ∆ PS such that p(v) = 1 for all v ∈ ρ. From the uniqueness of the representation (4.1) we find that
Now we prove that the spherical PS B-spline basis is stable with respect to the max norm, given that the corresponding bivariate B-spline basis is stable. The equivalence constants in (4.6) depend at most on the smallest angle in ∆ and we define c ∞ := max i |c i | and s L ∞ (Ω ) := max Ω |s(v)|. Because the equivalence constants are allowed to depend on the smallest angle in ∆ , we need the following lemma which relates a spherical angle θ to its image under the radial projection R 
This yields tan φ = cos α tan φ and tanψ = 1 cos α tan ψ.
Because |M i | 1 we have that α 1 and this completes the proof.
COROLLARY 4.2 The spherical Powell-Sabin B-splines form a stable basis for the max norm, i.e. for any arbitrary coefficient vector c we have
c 2 c ∞ with c 1 and c 2 constants that depend at most on the smallest angle in ∆ , provided that the corresponding bivariate PS B-splines B i j (x, y) form a stable basis with respect to the max norm, and that |∆ | 1.
Proof. First we establish the right inequality. There exists a triangle τ ∈ ∆ and a point v ∈ τ such that the following holds
Because |τ| 1 we have that 1 |v| 1/ cos1, so
where the last inequality follows from the stability of the bivariate basis, so K 1 is a constant depending at most on the smallest angle in R 
for arbitrary j, where s represents the PS spline surface. Let s be the restriction of (s) 2 to the plane T M i , then we have that
and because 1 |v| 1/ cos1 we find
On the molecule M i we can define a bivariate PS B-spline basis B k j
with B i j = B i j , j = 1, 2, 3. It is important to see (see also Section 5) that
and that α
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Because of the stability of the bivariate basis B k j we get
Equation (4.8) concludes the proof. Let us for instance consider the bivariate B-spline basis developed in [Die97] . These B-splines form a partition of unity, and from the work in [MVDB04] we know that they form a stable basis for the max norm. If we extend this basis to a spherical PS B-spline basis, see Figure 5 , we still have a partition of unity and a stable basis because of Corollaries 4.1 and 4.2. Furthermore one can define "control triangles" (see [Die97] ) for these bivariate B-splines that are tangent to the surface, which is a nice property from a CAGD point of view. Using Theorem 4.1 it is not difficult to define control triangles for the corresponding spherical B-spline basis that are tangent to the spherical surface. This illustrates that several other more specific properties of a bivariate basis are possibly also inherited by the spherical extension. 
A hierarchical basis
The starting point for the idea of hierarchical bases is a nested sequence of finite dimensional spaces of real-valued functions
As n increases, the resolution of functions in S n increases. Each space S n has a finite basis and a set of functions
Principle of triadic refinement. We place a new vertex at the position of the interior point in the PS 6-split and two new vertices on the edges each at one side of the intersection with the PS 6-split.
is a hierarchical basis for S n given that
is a basis for S m for each m = 0, 1, . . . , n. Then every s ∈ S n can be written in the form
and the partial sums Figure 6 explains the principle of triadic refinement. We place two new vertices on every edge of the current triangulation, each at one side of the intersection with the PS 6-split, and one new vertex is placed on the position of every interior point Z j in the PS 6-split. This triadic refinement yields nested sequences
that are "regular", which means that the minimum angle of any triangle in any ∆ l remains bounded away from zero and that 3
where |τ| is the diameter of triangle τ. The same is valid for the triangles in the PS 6-split
With each triangulation ∆ l we have a corresponding B-spline basis B i j,l
for the space S l . While the paper [VWBD04] deals with bivariate PS-splines, it is easy to see that the subdivision scheme is directly extensible to spherical PS-splines. For the remainder of the paper we assume that the bivariate B-splines B i j are the B-splines used in the papers [Die97, MB05b, MB05c, MVDB04, VMB04, VWBD04] .
From (4.1) and (4.2) we have 
This gives rise to linear functionals µ i j,l :
These linear functionals can be rewritten as
where the η i j,l and η i j,l satisfy
A proof of this can be found in [MB05c] for the bivariate setting, but these results are immediately extensible to the spherical setting. From the previous section and the work in [MVDB04] we know that the B-spline functions form a stable basis for the max norm. We give a proof here which extends the range of stability to all p > 0. Note that · L p is not really a norm but a quasi-norm if p < 1.
Proof. Using the Markov inequality for spherical polynomials (Prop. 4.3 in [NS04] ), (5.7), (5.8) and (5.9) we infer that
with τ i ∈ ∆ PS l such that P i ∈ τ i . By mapping τ i to the standard simplex τ s := {(x, y) | 0 x, y 1, x + y 1}, and using the fact that all norms on the finite dimensional space of polynomials are equivalent, it is easy to see that
The other inequality follows from the observation that
which holds because at any v ∈ Ω there are at most 9 B-splines nonzero. We find that
Using the subdivision scheme we are able to construct a hierarchical basis (5.1) for the spherical PS spline space S n . Define the sets Ξ l in (5.1) as
with ∆ −1 := / 0, and let the basis functions B ξ ,l , ξ ∈ Ξ l , coincide with the spherical PS B-splines B i j,l , then (5.1) is a hierarchical basis for the spherical spline space S n . See for instance [MB05b] or [MB05c] for a more detailed construction. Now we prove that the spherical hierarchical basis is a weakly stable basis (1.6) for H 2 (Ω ). We need the mapping Q l : C 1 (Ω ) → S l that is defined as the unique projector onto the spherical PS spline space S l that interpolates a given C 1 continuous function f and its partial derivatives at the position of the vertices in ∆ l , i.e.
with the functionals µ i j,l as in (5.8). Because of the uniqueness we have that the operators Q l satisfy Q l s l = s l .
We also introduce spherical Sobolev spaces H m (Ω ) as defined in [LM72, NS04] , because we use some lemmas from [NS04] concerning these Sobolev spaces. Suppose that (Γ j , φ j ) is an atlas for Ω , i.e. a finite collection of charts (Γ j , φ j ), where Γ j are open subsets of Ω , covering Ω , and where φ j are C ∞ mappings φ j : Γ j → B j , B j an open subset of R 2 , whose inverses φ −1 j are also C ∞ . Let α j be a partition of unity on the atlas (Γ j , φ j ) , i.e. a set of C ∞ functions α j on Ω vanishing outside the sets Γ j such that ∑ j α j = 1 on Ω . Then we define the spherical Sobolev spaces H m (Ω ) as 
This definition does not depend on the choice of the atlas and the partition of unity, i.e. other choices will give rise to the same space with a norm that is equivalent to (5.12). Furthermore the definition (5.11) for the case m = 2 is equivalent to the definition (1.2) and the norms (5.12) and (1.3) are also equivalent, see [LM72, p.37] . We can prove the following theorem.
THEOREM 5.2 Let Ω be a subset of the unit sphere S, and suppose s ∈ S n . Then
Proof. Suppose first that diam(Ω ) 1. Similarly to the radial projection R M i we define
with T Ω the tangent plane touching S at r Ω , and r Ω the center of a spherical cap of smallest possible radius containing Ω . Here a spherical cap is defined as the region of a sphere which lies on one side of a given plane that intersects with the sphere. Let Ω be the image of Ω under R Since the splitting s = ∑ n m=0 s m was arbitrary we conclude that (5.13) is valid for domains Ω with diam(Ω ) 1.
For general domains Ω , diam(Ω ) > 1, we construct a finite collection of domains Ω j with diam(Ω j ) 1, covering Ω . Equation (5.13) is valid for each sub-domain Ω j . Furthermore we have the equivalences
